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Abstract

This paper studies the Dirichlet to Neumann
operator for problems in Q§ C R3 Q = Qp U
L, where g is a perfectly conducting cylinder
S(0, R) x R or an elliptic cylinder E x R coated
with a layer L. Obtaining the exact expression
of this operator leads to the high frequency be-
havior of this operator, in the elliptic and in the
hyperbolic regions of the dual space (that we are
able to characterize). The global high frequency
behavior (extension of the classical microlocal
expression of this operator) is given, the second
term of the high frequency expansion is derived
in a rigorous way.
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1 Introduction

This paper deals with a Helmholtz representa-
tion of solutions of the Maxwell equation in a di-
electric material L. The dielectric constants €, p
satisfy e & R,. As the problem for u € H(L),

ug € Hz(09):

(A + EMWQ)U =0, (.CL‘, Y, Z) €L
Yoou =0
QU = ug

has a unique solution U [2], the well defined op-
erator ug — 0pU from H%(L) to H_%(L) is
called the Dirichlet to Neumann operator (DTN).
In the classical case where L is a layer R? x
(—lp), the solution of this problem is explicit and
gives rise to the classical Dirichlet to Neumann
operator for a plane layer as a Fourier multiplier
on S(R?) (including k? + k2 > Repw?):

euw? — k2 — k3
tan(y/epw? — k2 — k21)

Its generalization to a curved layer [5] was
derived with a local approximation of 92, which

DTN (w, ktan) =

gives rise to a representation of the Laplace op-
erggtor as

Bz T g11(z1, 72, n)aiz{ + 2g12(21, 22, n)02 4,

+g22(x1, 22, n)@ig +lot=A

in a semi-geodesic system of coordinates (92 N
V(2°) = {n = 0NV (2®) = {M(z1, x2), (x1,22) €
W(0,0)}), and the DTN operator is equivalent
locally to a pseudodifferential operator [4], of
principal symbol (wl constant)

v(z,n)
W,
tanv(x, n)wl)

where v(z,n), Sv > 0 is equal to
Ve — (gunt + 2g12mnz + g2213) (1, 2, 0).

Expressions of the other terms of this sym-
bol are extremely tedious to obtain. Moreover
this expression only gives a local analysis of the
Dirichlet to Neumann operator which is a global
operator on the boundary 9€). The aim of this
Note is to give the global expression of the DTN
in two particular cases and we derive the two
first terms of its high frequency expansion.

2 Exact expression of the DTN in two
cases

It is classical [3], [6] to obtain the DTN as a
Fourier multiplier when Q¢ = S(0,79) x R and
= 5(0, R) x R thanks to the representation of
the solutions of

(A + epw® — k*u=0,{ro <r < R,0 € [0,21)}

in polar coordinates. Assuming

do(0,k) =Y u(n, k)e™,

nel

one obtains, using k3 = /euw? — k2

F(DTN (u))(0,k) = > D(k,n)u(n, k)™
neZ
J! (ks R)Yn(r0)—Y,: (ks R)Jn (ksro)

with D(k,n) = 545055 (aro) = (ks B b (kar)
Note that one can replace any pair of indepen-

dent solutions of the Bessel equation by any
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other pair.

2
_ z y
The case Qo = {(z,y, 2), oo Ttz <

Prand © = {(z,y,2), o+ ol <07
layer between two ellipses with the same focal
points) is less known. It is known from Flo-
quet theory that the periodic Mathieu operator
—%—I—cos 2v has Bloch eigenvalues a(n, k), b(n, k)
associated with the normalized modes cn(v), sn(v)

(generalization of the cosnf,sinnf modes for
d2
dv?

the operator ). The set {cn,sn} is a basis

of L2([0,27]).

Denote by Fi s thk a pair of independent solu-

tions of the modified Mathieu equation %qb +

(a(n, k) — 3p°k% cosh2u)¢ = 0 (and a similar

definition replacing a(n, k) by b(n, k)).

For Gg(n, k,v) = u(n, k)en(v), the solution U of

the Helmholtz equation satisfying the boundary

conditions

U(ui,v) = en(v) at u = uy and U(ug,v) =

en(v) at u = ug is

FIZ“(n:k)(U)GZ(nvk)(UO)*GZ(n:k)(U)F“((ln:k)(uo) en(v).
(1,k) (u1)G(n,k) (uo) =G (n,k) (u1) £ (n,k) (uo)

It belongs to H'( — Q) even if the function

F%(n,k)(u)en(v) is not in 8’. Note that, as 71 =
(sinh w1 cos v,cosh ug sinv) ) o 1 o
\/ sin? v+sinh? uy ’ nf YAVA sin? v+sinh2 uy Uf

3 High frequency estimate of the DTN
operator

Using precise asymptotic expansions of the Bessel
and modified Mathieu functions [1|, we prove
the two theorems:

Theorem 1 Consider w — +00 and assume
that 2 € [c1, 2], c1 > 0 (high frequency regime

for the Fourier index). Denote by n = f

1. In the case k* + %22 < Repw? (called the
hyperbolic case), the symbol of the Dirich-
let to Neumann operator is, up to O(w™!)

, ) n? 1 ep —n?
WA EL — T _WZRQ_EE/,L—T]Q— n2

w?R2

2. In the case
k? + %i > Repw? (called the elliptic case),

the symbol of the Dirichlet to Neumann
operator is, up to O(w™1)

One notices that the lower order term of the
symbol does not change when we pass from the
hyperbolic region to the elliptic region. The hy-
perbolic and elliptic region for the operator with
respect to the boundary r = R are classically de-

2
fined. Note that, for all u,n,n, [\/ep —n? — —75| >
\/|Seu| hence no glancing regime.

Theorem 2 In the hyperbolic regime Ra(n, k)—
%(%e,u,wZ — k?) cosh 2ug < 0, the asymptotics of
(F)'(n,k) (u1) G (n,k) (u0) = (G*)' (n,k) (u1) F* (n,k) (uo)
Fa(n,k)(u1)G*(n,k)(uo)—G(n,k)(u1) Fe(n,k)(uo)
iwp\/%(eu —n?) cosh 2uy — ap(;loﬁ) (14 O0(w™2)).
The contribution of the curvature of 02 appears

through ——————_ and through the Flo-
J.2V4 sin? v+sinh? uy

quet modes. It is non local in v.
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