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Abstract

We deploy an asymptotic model for the inter-
action between nearby dispersion surfaces and
respective eigenstates toward explicit evaluation
of the Berry phase governed by the scalar wave
equation in 2D periodic continua. The model,
featuring a pair of coupled Dirac equations, en-
dows the interacting Bloch eigenstates with an
explicit gauge that caters for analytical integra-
tion in the wavenumber domain. Among the
featured parameters, the one (s € [0, 3]) that
synthesizes the phase information on the cou-
pling term is shown to decide whether the Berry
connection round the loop is singular (s = 0)
or analytic (s > 0). We show that the Berry
phase is m-quantal and topological when s = 0,
equalling 7 when the contour encloses the apex
of a Dirac cone and zero otherwise. The analo-
gous result is obtained when s ~ 0 and similarly
for 5 ~ % In the interior of the s-domain, we
find that the Berry phase either equals 7 or is
not quantal.
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1 Introduction

In 1984, Michael Berry discovered [1] that when

an eigenstate of quantum system is cycled “slowly”

(i.e. adiabatically) in the parametric space, it
acquires a geometrical phase factor, the so-called
Berry phase T, that is not removable under a
gauge transformation. This finding has perme-
ated all branches of physics and bears analogues
in gauge theory and differential geometry [2]. In
the original paper [1] it is shown, under a par-
ticular restriction on the parametric space, that
Y =7 (modulo 27) when the closed contour en-
closes the apex of a Dirac cone and Y =0 other-
wise. Even though originally derived within the
framework of quantum mechanics, this concept
is readily applicable throughout wave physics,
see e.g. [3] in the context of classical electro-
magnetism and Bloch waves — which allow for

system cycling in the physical, i.e. wavenumber
(as opposed to parametric) space [4]. In princi-
ple, evaluation of the Berry phase is inherently
numerical and entails quadrature of the phase
increment, the co-called Berry connection, over
a loop in the wavenumber space enclosing the
suspect degeneracy. For 2D systems, T is known
to be “generally” 0/m quantal and possibly topo-
logical [3,4]. In the absence of analytical results,
however, it is difficult to draw definitive conclu-
sions.

2 Berry phase

Consider the wave equation in an unbounded
periodic medium S C R? at frequency w, namely

V- (G(x)Vu) + Wihoz)u =0 inS, (1)

where 0 <G < o0 and 0 < p< oo are Y-periodic
and bounded away from zero. We next seek the
Bloch-wave solutions of (1) as

u(z) = a(x)e™®, @: Y-periodic (2)
where % depends implicitly on k€ B and weR™
(B denotes the first Brillouin zone). With such
premise, (1) reduces to

Vi (G(x)Viit) + wp(z)i = 0 in Y (3)

subject to the usual quasi-periodic boundary con-
ditions, where Vi = V+ ik.

As demonstrated in [5], for given k € B the
field equation (3) (with relevant boundary con-
ditions) is affiliated with the eigensystem {\,, (k)
eR, ¢, (k) EHl}p(Y), [fnll = 1} that satisfies

p(w)_lvk(G(m)vk an) +5\n¢~)n =0 inY,
(4)
where H),(Y) = {ge€ L2 1) :Valy € (L},(Y))*},
and Lgp(Y) = {g:Y-periodic, [, pggda < co}.
On denoting by C' C R? be a closed path
enclosing some ks € B, we consider the Berry
phase characterizing the nth dispersion branch
at k = k, as a closed line integral

To(ky) = fc av,, (k). (5)
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where dY,, is an infinitesimal phase difference where
between neighboring eigenstates [6] given by o

s = [|612]|7?S(Eit2)] € [0, 3]; (11)

AT, (k) = —idk- (pdnk(k), du(k));  (6)

an,k = aczgn/ﬁk; (+,-) is the usual inner product
over Y, and the quantity contracted with dk is
referred to as the Berry connection. We aim
to evaluate (5) in instances where branches n
and n + 1 are close to each other at k.

3 Asymptotic model

Let the eigenvalue problem due to (4) yield a
pair of nearby eigenvalues A\, :=w?2 and A\, 41:=
w? | for some k4 € B, and consider the affiliated
dispersion map over a small neighborhood

k = k,+ek, e=o(1). (7)

Writing wp; (k) == w2, ; (k) (j =1,2), we as-
sume “tight” eigenvalue separation in that

v =o0(1).

As shown in [5], eigenfunctions ¢, ; within spec-
tral neighborhood (7) can be expanded as

ny (Ks)
ny (Ks)

where ull € C? solve the eigenvalue problem

WiQ(kS) = quzl(kS) + €7,

On; (ks + ck) = ubl(K) - [ +0(e), (8)

(A7 + M\ I)ul = 0, (9)

011-ik  012-ik
A= | U PRI )
—912-ik 922’”6 -

Here I is the 2 x 2 identity matrix, and

Opq = (GVkJ)nq, &n,,) - m €C?

are evaluated at k;. Note that the coeflficient
matrix A7 is Hermitian [5]; specifically, we have
0, < iR? thanks to the fact that 0, = —qu.
In the sequel, we write 612 := (t1,%2). Note
that (8) resembles the tight binding model in
the condensed matter physics literature.

4 Results

Assuming the circular path of integration in (5)
by letting k= epoe where e € R? is a unit vector
and o0 = O(1), from (5)-(6) and (8)-(11) one
finds that the Berry phase can be recast in a
4-dimensional parametric space as

Tnj(ks) = F(57||A0||7%75j)>

|86] = A6/]101]; A = (811 — 822); T, =
v/(0ll012])); B2 = B1 + m, and By is the angle
between the directions where |6@12-e| and |A8-e|
are respectively minimized.

In this setting, s is shown to decide whether
the Berry connection round the loop is singu-
lar (s = 0) or analytic (s > 0). The analysis
demonstrates that the Berry phase for 2D lat-
tices is m-quantal and topological when s = 0,
equalling 7 (modulo 27) when the contour en-
closes a Dirac i.e. diabolical point and zero in all
other situations (avoided crossings or line cross-
ings). The analogous result is obtained, up to an
O(s) residual, when s ~ 0 and similarly for s ~
%. In the interior of the s-domain, on the other
hand, we find that the Berry phase either ap-
proximately equals 7 (for sufficiently small 7,)
or is not quantal. Beyond shedding light on the
anatomy of the Berry phase for 2D periodic con-
tinua, the featured analysis carries a practical
benefit for it permits single-wavenumber evalu-
ation of this geometrical phase quantity.
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