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Abstract

The study of scattering by a high aspect ratio
particle has important applications in sensing
and plasmonic imaging. To illustrate the ef-
fect of particle’s narrowness (that can be related
to parity properties) and the need for adapted
methods (in the context of boundary integral
methods), we consider the scattering by a pen-
etrable, high aspect ratio ellipse. This problem
highlights the main challenge and provides valu-
able insights to tackle general high aspect ratio
particles. We find that boundary integral op-
erators are nearly singular due to the collaps-
ing geometry to a line segment. We show that
these nearly singular behaviors lead to qualita-
tively different asymptotic behaviors for solu-
tions with different parities. Without explicitly
taking this into account, computed solutions in-
cur large errors. We introduce the Quadrature
by Parity Asymptotic eXpansions (QPAX) that
effectively and efficiently addresses these issues.
We demonstrate the effectiveness of QPAX through
several numerical examples.
Keywords: Boundary integral methods; asymp-
totic analysis; numerical quadrature; scattering.

1 Problem setting

Consider a penetrable high aspect ratio ellipse
D characterized by some material property ς− ∈
C. Typically, the plasmonic case corresponds to
<(ς−) < 0, where ς− represents the inverse of
the dielectric permittivity of the particle made
of a noble metal such as gold or silver. The
ellipse is surrounded by vacuum (characterized
by ς+ = 1). The associated scattering prob-
lem is given by the transmission problem: Find
u+ ∈ C 2(E := R2 \ D̄)) ∪ C 1(R2 \D) such that
u− ∈ C 2(D)∪C 1(D̄) such that, ∆u+ +k2+u+ =
0 in E, ∆u− + k2−u− = 0 in D, u+ = u− and
ς+∂nu+ = ς−∂nu− on ∂D. We denote u± =
uin +usc± the total fields, usc± the scattered fields,
uin is the incident field, ∂n is the normal deriva-

tive. Consider a wavenumber k > 0, we define
k± = k/

√
ς±. We also require usc+ to satisfy the

Sommerfeld radiation condition, and we assume
that (ς−, ς+) are such that the problem is well-
posed. Using the representation formula [1] and
the transmission conditions on ∂D, we write

u+ = uin +KH+ [u+]− SH+ [∂nu+] in E,

u− = −KH− [u+] +
ς+
ς−
SH− [∂nu+] in D,

where KH± , SH± , are the double-layer potentials,
single-layer potentials, associated to the con-
sidered Helmholtz equations, respectively. To
study scattering by a high aspect ratio parti-
cle, we consider the ellipse defined according
to y(t) = (ε cos(t), sin(t)), t ∈ T := R/2πZ,
with 0 < ε � 1, and we study the asymptotic
limit ε → 0+. Given x ∈ R2 \ ∂D, we denote
xb ∈ ∂D the closest point on the boundary,
and we write xb = y(s) for s ∈ T (see Fig.1).
When y = y(s) for s ∈ T, we find that the un-
known fields on the boundary, (u+(s), v+(s)) :=
(u+(y(s)), ∂nyu+(y(s))|y′(s)|), satisfy the system

[
I
2 −K H

+ S H
+

I
2 + K H
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ς−
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−

][
u+

v+

]
=

[
uin

0

]
, (1)

with S H
± [v](s) = i

4

∫

T
H
(1)
0 (k±rsε(t)v(t) dt,

K H
± [u](s) =

iπk±
2

∫

T
rsε(t)H

(1)
1 (k± rsε(t))

KL
ε (s, t) u(t) dt,

with rsε(t) = |y(s)− y(t)|, H(1)
m the Hankel func-

tion of the first kind of order m, and KL
ε the

Laplace’s double-layer potential kernel

KL
ε (s, t) =

1

2π

−ε
1 + ε2 + (1− ε2) cos(s+ t)

.

The kernel KL
ε is sharply peaked at the reflec-

tion-points along the semi-major axis of the el-
lipse, s+t ≡ π [2π]: KL

ε (s, t) = − 1
4πε . This peak

is enhanced as the ellipse collapses (ε → 0).
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This sharp peak leads to nearly singular inte-
gral operators in the boundary integral equa-
tion system (1). Not addressing this behavior
gives large errors when using standard quadra-
ture rules such as Kress’ Product Quadrature
Rule (PQR), as plotted in Fig. 1.
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Error for (u+, v+) for k = 2, (&+, &�) = (1, 4)
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<latexit sha1_base64="QMBM63tX3ykbnQUMK+47cTypLCk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby63IwrQ+qNbfhLkDWiVeQGhRoD6pf/WHCshilYYJq3fPc1AQ5VYYzgbNKP9OYUjahI+xZKmmMOsgXx87IhVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9F1kHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68jrpNBue2/Dum7XWTRFHGc7gHC7BgytowR20wQcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w8hy444</latexit><latexit sha1_base64="QMBM63tX3ykbnQUMK+47cTypLCk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby63IwrQ+qNbfhLkDWiVeQGhRoD6pf/WHCshilYYJq3fPc1AQ5VYYzgbNKP9OYUjahI+xZKmmMOsgXx87IhVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9F1kHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68jrpNBue2/Dum7XWTRFHGc7gHC7BgytowR20wQcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w8hy444</latexit><latexit sha1_base64="QMBM63tX3ykbnQUMK+47cTypLCk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby63IwrQ+qNbfhLkDWiVeQGhRoD6pf/WHCshilYYJq3fPc1AQ5VYYzgbNKP9OYUjahI+xZKmmMOsgXx87IhVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9F1kHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68jrpNBue2/Dum7XWTRFHGc7gHC7BgytowR20wQcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w8hy444</latexit><latexit sha1_base64="QMBM63tX3ykbnQUMK+47cTypLCk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDxRFoueiR68YiJBRNoyHaZwobtttndmpCG3+DFg8Z49Qd589+4QA8KvmSSl/dmMjMvTAXXxnW/ndLG5tb2Tnm3srd/cHhUPT7p6CRTDH2WiEQ9hlSj4BJ9w43Ax1QhjUOB3XByO/e7T6g0T+SDmaYYxHQkecQZNVby63IwrQ+qNbfhLkDWiVeQGhRoD6pf/WHCshilYYJq3fPc1AQ5VYYzgbNKP9OYUjahI+xZKmmMOsgXx87IhVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9F1kHOZZgYlWy6KMkFMQuafkyFXyIyYWkKZ4vZWwsZUUWZsPhUbgrf68jrpNBue2/Dum7XWTRFHGc7gHC7BgytowR20wQcGHJ7hFd4c6bw4787HsrXkFDOn8AfO5w8hy444</latexit>

y = y(t)
<latexit sha1_base64="wixjKZlyt0VYaPVPLgZDEWygNp0=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFhMhNuEujTZC0MYygonBJIS9zV6yZG/v2J0TjiP/wsZCEVv/jZ3/xs1HoYkPBh7vzTAzz4+lMOi6305ubX1jcyu/XdjZ3ds/KB4etUyUaMabLJKRbvvUcCkUb6JAydux5jT0JX/wxzdT/+GJayMidY9pzHshHSoRCEbRSo/llFyRtILn5X6x5FbdGcgq8RakBAs0+sWv7iBiScgVMkmN6XhujL2MahRM8kmhmxgeUzamQ96xVNGQm142u3hCzqwyIEGkbSkkM/X3REZDY9LQt50hxZFZ9qbif14nweCylwkVJ8gVmy8KEkkwItP3yUBozlCmllCmhb2VsBHVlKENqWBD8JZfXiWtWtVzq95drVS/XsSRhxM4hQp4cAF1uIUGNIGBgmd4hTfHOC/Ou/Mxb805i5lj+APn8wdLp49Y</latexit><latexit sha1_base64="wixjKZlyt0VYaPVPLgZDEWygNp0=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFhMhNuEujTZC0MYygonBJIS9zV6yZG/v2J0TjiP/wsZCEVv/jZ3/xs1HoYkPBh7vzTAzz4+lMOi6305ubX1jcyu/XdjZ3ds/KB4etUyUaMabLJKRbvvUcCkUb6JAydux5jT0JX/wxzdT/+GJayMidY9pzHshHSoRCEbRSo/llFyRtILn5X6x5FbdGcgq8RakBAs0+sWv7iBiScgVMkmN6XhujL2MahRM8kmhmxgeUzamQ96xVNGQm142u3hCzqwyIEGkbSkkM/X3REZDY9LQt50hxZFZ9qbif14nweCylwkVJ8gVmy8KEkkwItP3yUBozlCmllCmhb2VsBHVlKENqWBD8JZfXiWtWtVzq95drVS/XsSRhxM4hQp4cAF1uIUGNIGBgmd4hTfHOC/Ou/Mxb805i5lj+APn8wdLp49Y</latexit><latexit sha1_base64="wixjKZlyt0VYaPVPLgZDEWygNp0=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFhMhNuEujTZC0MYygonBJIS9zV6yZG/v2J0TjiP/wsZCEVv/jZ3/xs1HoYkPBh7vzTAzz4+lMOi6305ubX1jcyu/XdjZ3ds/KB4etUyUaMabLJKRbvvUcCkUb6JAydux5jT0JX/wxzdT/+GJayMidY9pzHshHSoRCEbRSo/llFyRtILn5X6x5FbdGcgq8RakBAs0+sWv7iBiScgVMkmN6XhujL2MahRM8kmhmxgeUzamQ96xVNGQm142u3hCzqwyIEGkbSkkM/X3REZDY9LQt50hxZFZ9qbif14nweCylwkVJ8gVmy8KEkkwItP3yUBozlCmllCmhb2VsBHVlKENqWBD8JZfXiWtWtVzq95drVS/XsSRhxM4hQp4cAF1uIUGNIGBgmd4hTfHOC/Ou/Mxb805i5lj+APn8wdLp49Y</latexit><latexit sha1_base64="wixjKZlyt0VYaPVPLgZDEWygNp0=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFhMhNuEujTZC0MYygonBJIS9zV6yZG/v2J0TjiP/wsZCEVv/jZ3/xs1HoYkPBh7vzTAzz4+lMOi6305ubX1jcyu/XdjZ3ds/KB4etUyUaMabLJKRbvvUcCkUb6JAydux5jT0JX/wxzdT/+GJayMidY9pzHshHSoRCEbRSo/llFyRtILn5X6x5FbdGcgq8RakBAs0+sWv7iBiScgVMkmN6XhujL2MahRM8kmhmxgeUzamQ96xVNGQm142u3hCzqwyIEGkbSkkM/X3REZDY9LQt50hxZFZ9qbif14nweCylwkVJ8gVmy8KEkkwItP3yUBozlCmllCmhb2VsBHVlKENqWBD8JZfXiWtWtVzq95drVS/XsSRhxM4hQp4cAF1uIUGNIGBgmd4hTfHOC/Ou/Mxb805i5lj+APn8wdLp49Y</latexit>

<latexit sha1_base64="kEoJfzd9OGOmzl00/kce9Odvdew=">AAACB3icbVBNS8NAEN34WetX1KMgwVbwVJIi6rHgxWMF+wFtKZvttF262YTdSbGE3rz4V7x4UMSrf8Gb/8ZtmoO2Phh4vDezs/P8SHCNrvttrayurW9s5rby2zu7e/v2wWFdh7FiUGOhCFXTpxoEl1BDjgKakQIa+AIa/uhm5jfGoDQP5T1OIugEdCB5nzOKRuraJ8U2wgOmDyUKetOkPaYKIs1FKKfFrl1wS24KZ5l4GSmQDNWu/dXuhSwOQCITVOuW50bYSahCzgRM8+1YQ0TZiA6gZaikAehOkq6fOmdG6Tn9UJmS6KTq74mEBlpPAt90BhSHetGbif95rRj7152EyyhGkGy+qB8LB0NnForT4woYiokhlClu/uqwIVWUoYkub0LwFk9eJvVyybssXdyVC5VyFkeOHJNTck48ckUq5JZUSY0w8kieySt5s56sF+vd+pi3rljZzBH5A+vzBzeomiA=</latexit>"

<latexit sha1_base64="z2AK9nGQxlpOM9GppLkfLiiS7mc=">AAACC3icbVC7SgNBFJ31GeMrammzJBGswm4QtQzYWEYwD0jWMDu5SYbMPpi5K4Zlext/xcZCEVt/wM6/cXazhSYeGDic+5hzjxsKrtCyvo2V1bX1jc3CVnF7Z3dvv3Rw2FZBJBm0WCAC2XWpAsF9aCFHAd1QAvVcAR13epXWO/cgFQ/8W5yF4Hh07PMRZxS1NCiVq32EB8wWxRKGSRzdxX2P4kR6MfeTJKkOShWrZmUwl4mdkwrJ0RyUvvrDgEUe+MgEVapnWyE6MZXImYCk2I8UhJRN6Rh6mvrUA+XEmYXEPNHK0BwFUj8fzUz9PRFTT6mZ5+rO1KVarKXif7VehKNLR58URgg+m380ioSJgZkGYw65BIZipgllkmuvJptQSRnq+Io6BHvx5GXSrtfs89rZTb3SqOdxFMgxKZNTYpML0iDXpElahJFH8kxeyZvxZLwY78bHvHXFyGeOyB8Ynz/Z8Zwo</latexit>
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Figure 1: (Top left) Sketch and notations of the problem.
(Top right) Error with respect to ε when approximating the
solution (u+, v+) of (1) using PQR, QPAX (leading order),
k = 2, (ς+, ς−) = (1, 4), and N = 128 quadrature points. The
analytic solution is computed using Mathieu functions [2].
(Bottom) Error for (u+, v+) for various ε,N .

2 Parity asymptotic expansions

We rewrite system (1) as AεUε = Fε, we per-
form an asymptotic expansion about ε = 0. The
leading order gives us

Aε =

[
Πev S+

0

Πod − ς+
ς−
S−0

]
+O (ε) ,

Uε =

[
u+0

v+0

]
+O(ε), Fε =

[
uin(0, sin(s))

0

]
+O(ε).

where S±0 are integral operators that can be
found following [2, Section 4] (along with order
1 terms). Above, Πev, Πod, denotes the pro-
jection onto even, odd function with respect to
the semi-major axis of the ellipse, respectively:
Πev[µ](s) = µ(s)+µ(π−s)

2 , Πod[µ](s) = µ(s)−µ(π−s)
2 ,

µ ∈ C 0(T), s ∈ T. Thus, there is an underlying
nearly singular behavior to address at the reflec-
tion-points, and parity decomposition (namely
even/odd properties with respect to reflection-
points) is necessary to accurately compute the
field on the boundary : problem AεUε = Fε may

be ill-posed if one considers only even or odd Fε.
Quadratures such as PQR are well adapted to
treat weakly singular integrals involved in (1)
(e.g. [1]), but do not treat the parity or the close
evaluation problem. To address these, we in-
troduce the Quadrature by Parity Asymptotic
eXpansions (QPAX) [2], a modification of PQR
as follows: split the fields and the operators
obtained from the previous linear system into
their even and odd parts, discretize the systems
obtained with asymptotic expansions (accuracy
depends on the expansions truncation’s order),
use PQR on weakly singular integrals involved
in the systems, and spectral methods on the
rest. Considering an O(ε) expansion, we ex-
pect the error to decrease linearly as ε → 0,
for any number of quadrature points. To val-
idate the method we plot in Figure 1 the er-
rors in log obtained with PQR (’•’ line) and
QPAX (’+’ line), for a classical penetrable el-
lipse (ς− > 0) where one can compute an ana-
lytic solution (codes available on GitHub). Re-
sults show that QPAX approximation effectively
addresses the inherent parity in the nearly sin-
gular behaviors associated with this high aspect
ratio ellipse. QPAX efficiently computes near-
fields in plasmonic cases as well (but no analytic
solution is available).

3 Future work

The above approach can be carried out for more
general high aspect ratio particles where two
distinct asymptotic behaviors along reflection-
points must be addressed carefully. Extensions
to three-dimensional high aspect ratio particles
are considered, starting with axisymmetric high
aspect ratio particles.
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