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Identification of a local perturbation in unknown periodic layers
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Abstract

We revisit the differential sampling method in-
troduced in [1] for the identification of a local
perturbation in unknown periodic layers. We
provide a theoretical justification of the method
that avoids assuming that the local perturba-
tion is also periodic. Our theoretical framework
uses functional spaces with continuous depen-
dence with respect to the Floquet-Bloch vari-
able. The corner stone of the analysis is the
justification of the Generalized Linear Sampling
Method (GLSM) in this setting, which is the
main topic presented here.
Keywords: inverse problem, Periodic layers,
Floquet-Bloch Transform, domain reconstruc-
tion
1 Introduction

We consider in this work the inverse scattering
problem for the reconstruction of a local per-
turbation in unknown periodic layers from near
field measurements. This considered problem
has connections with many practical applica-
tions, such as non-destructive testing of pho-
tonic structures, antenna arrays... It has moti-
vated many research works over the recent years
[1,2]. The presence of the perturbation does not
allow us to reduce the problem to one-period
cell, and this is what makes our problem more
challenging since we are obliged to treat this
problem in an unbounded band.
The GLSM Method was applied in similar set-
ting of problem in [1] by adding a technical hy-
pothesis on the distribution of the defect, they
assumed that the defect is itself distributed peri-
odically with a longer period, which allows them
to reduce the problem to a larger and bounded
domain. Then, in this work, and inspired by
[2, 3], we propose to get rid of this assumption
and to work on the whole unbounded domain.
2 Setting of the direct problem

Let U0 be the upper half-space R × R+. We
denote by Dp the periodic unbounded domain
included in ΩR := R× [0, R] delimited by Γ0 :=

R × {0} and ΓR := R × {R}, with R ≥ R0 > 0
as shown in Figure 1. We consider D := Dp∪ D̃
where D̃ is a bounded domain included in ΩR

0 :=
[0, 2π]× [0, R]. We assume that the complement
of D is connected.

Figure 1: Sketch of the domain
Let n ∈ L∞(U0) be the refraction index veri-
fying n = np outside D̃, where np ∈ L∞(U0)
with positive imaginary part, 2π-periodic with
respect to the first component x1 such that np =
1 outside Dp. Consider an incident field v ∈
L2(D), the direct problem is to find the scat-
tered field w ∈ H2

loc(U0) verifying

(P)

{
∆w + k2nw = k2(1− n)v in U0

w = 0 on Γ0

and the angular spectrum representation

w(x) =
1√
2π

∫

R
eix1·ξ+i

√
k2−|ξ|2(x2−R)ŵ(ξ,R)dξ (1)

for x2 > R as a radiation condition, where ŵ is
the Fourier transform of the trace of w on ΓR.
For s ∈ R, we denote by Hs

ξ (ΩR
0 ) the Sobolev

space of the ξ-quasi-periodic functions [1], and
defining for φ ∈ C∞0 (ΩR) the Horizontal Bloch-
Floquet transform as the following for ξ ∈ I =
[0, 1]

JRφ(ξ, x1, x2) =
∑

j∈Z
φ(x1 + 2πj, x2)e−i2πξ·j .

which is an isomorphism between Hs(ΩR) and
L2(I,Hs

ξ (ΩR
0 )). We also define

H̃s(ΩR) :=
{
u ∈ Hs(ΩR)|JRu ∈ C0

] (I,Hs
ξ (ΩR

0 ))
}

and similarly for Hs(ΓR). For the sake of study-
ing the inverse problem, for fixed ξ0 ∈ I, we con-
sider vξ0 ∈ L2

ξ0
(Dp

0) and we rewrite the solution
of (P) seeking wξ0 ∈ L2

loc(U0) solution of

∆wξ0 + k2nwξ0 = k2(1− n)vξ0 in U0,
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which is decomposed as wξ0 := wpξ0 + w̃ξ0 , with
wpξ0 ∈ H

1
ξ0

(ΩR
0 ) verifying

∆wpξ0 + k2npw
p
ξ0

= k2(1− np)vξ0 in ΩR
0

and w̃ξ0 ∈ H̃1(ΩR) satisfying

∆w̃ξ0 + k2nw̃ξ0 = k2(np − n)(vξ0 + wpξ0) in ΩR

where both wpξ0 and w̃ξ0 satisfy homogeneous
Dirichlet boundary conditions on Γ0 and some
appropriate radiation conditions (for instance,
condition (2) for w̃ξ0).

3 Setting of the inverse problem

Our inverse problem consists in reconstructing
D having the measurements us(x, y) for all x,
y ∈ ΓR, where us(., ·) is the scattered field solu-
tion of (P) with v = Φ(·, y) the fundamental so-
lution for the Dirichlet half space problem. We
notice that for defining this solution, we need
the imaginary part of np to be positive (at least
in a subdomain of ΩR

0 ∩Dp). We introduce the
near field operator N : L̃2(ΓR)→ L̃2(ΓR)

Ng =

∫

ΓR
us(x, y)g(y)ds(y)

We shall explain how the positivity assumption
on np allows us to define this operator. In fact
the imaging procedure does not require all of
N but only the Floquet-Bloch transform of N
evaluated in few well chosen Floquet-Bloch vari-
ables. Let ξ0 ∈ I be fixed and define usξ0(·, y) =

wξ0 for vξ0 = Φξ0(y, ·) where Φξ0(x, y) = JRΦ(·, y)(ξ0, x).
Using the decomposition of wξ0 = wpξ0 + w̃ξ0 we
decompose usξ0(·, y) = us,pξ0 (·, y) + ũsξ0(·, y) and
define two operators form L2

ξ0
(ΓR0 ) into itself

Np
ξ0
gξ0 =

∫
Γ0
R
us,pξ0 (x, y)gξ0(y)ds(y)

Ñξ0gξ0 =
∫

Γ0
R
JR(ũsξ0(·, y))(ξ0, x)gξ0(y)ds(y)

These operators can be formally constructed us-
ing the operator N since one can prove that

Ng =

∫

I

∫

Γ0
R

usξ(·, y)JRg(ξ, y)ds(y)

Using these operators we define the norm

Iξ0(gξ0) = |(Np
ξ0
gξ0 , gξ0)|+ |(Ñξ0gξ0 , gξ0)|

We now explain how one can use the GLSM
to identify D with either the operator N or its

Floquet-Bloch transform. The simplest assump-
tions for which the following theorems hold are
when D̃ ∩ Dp = ∅, (1 − np) and (np − n) have
fixed sign and definite real parts and negative
imaginary parts on Dp and D̃ respectively. We
introduce functional Jα(φ, ·) : L̃2(ΓR) −→ R

Jα(φ; g) := αI(g) + ‖Ng − φ‖2,
where I(g) := supξ0∈I Iξ0(JRg(ξ0, ·)). We de-
note by jα(φ) = infg Jα(φ; g).

Theorem 1 Let c(α) > 0 verifying c(α)
α → 0

as α→ 0 consider z ∈ ΩR, and let gα ∈ L̃2(ΓR)
such that

Jα(Φ(·, z), gα(z)) ≤ jα(Φ(·, z)) + c(α)

then z ∈ D ⇐⇒ lim
α→0

I(gα(z)) <∞.

The second theorem allows to reconstruct D ∩
ΩR

0 using only one Floquet-Bloch mode by min-
imizing the functional Jαξ0 : L̃2

ξ0
(ΓR0 ) −→ R

Jαξ0(φ; gξ0) = αIξ0(gξ0) + ‖(Np
ξ0

+ Ñξ0)gξ0 − φ‖2,
We denote by jαξ0(φ) = infgξ0 J

α
ξ0

(φ; gξ0).

Theorem 2 Let c(α) > 0 verifying c(α)
α →

0 as α → 0 consider z ∈ ΩR, and let gαξ0 ∈
L2
ξ0

(ΓR0 ) such that

Jα(Φξ0(·, z), gαξ0(z)) ≤ jα(Φξ0(·, z)) + c(α)

then z ∈ D ∩ ΩR
0 ⇐⇒ lim

α→0
Iξ0(gαξ0(z)) <∞.

Based on Theorem 2 applied to integer multi-
ples of ξ0, we shall explain how one can design
an indicator function that allows to directly re-
construct D̃ using a similar differential indicator
function as in [1].

References

[1] H. Haddar and T.P. Nguyen, Sampling
methods for reconstructing the geometry of
a local perturbation in unknown periodic
layers. Computers Mathematics with Ap-
plications, 74(11), 2831-2855.,

[2] A. Konschin and A. Lechleiter, Reconstruc-
tion of a local perturbation in inhomoge-
neous periodic layers from partial near field
measurements, Inverse Problems, (2019)
35(11), 114006.

[3] H. Haddar and A. Konschin, Factorization
method for imaging a local perturbation
in inhomogeneous periodic layers from far
field measurements. Inverse Problems and
Imaging, (2020), 14(1), 133-152

Suggested members of the Scientific Committee:
Fioralba Cakoni, Chrysoula Tsogka


