WAVES 2022, Palaiseau, France 1

A trace theorem on an infinite b-adic tree

Kiyan Naderil*, Konstantin Pankrashkin'

nstitute of Mathematics, Carl von Ossietzky University, Oldenburg, Germany

*Email: kiyan.naderil@uol.de

Abstract

We discuss the construction of the trace oper-
ator defined on Sobolev spaces over a class of
infinite radial trees based on an identification
of the abstract boundary with an Euclidean do-
main. The case of dyadic trees was covered by
Maury, Salort, Vannier in [2], and we adapt their
constructions and results in order to include to
the case of b-adic trees with arbitrary b > 2.
While the overall approach is very similar, one
has to introduce several new steps related to the
discrete Fourier transform and to a more care-
ful analysis of various characterizations of Besov
and Sobolev spaces.
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1 Motivation

A wave propagation or diffusion process inside
an object occupying some region in the space is
typically described by a suitable differential or
finite-difference equation, while the interaction
with the surrounding is taken into account us-
ing a boundary or transmission condition. In
many cases, one looks for solutions of boundary
value problems in suitable Sobolev spaces, and
the regularity of boundary data (=traces) im-
plies important conclusions on the existence and
the regularity of the solutions. While there is an
established trace theory for Sobolev spaces over
smooth domains, many important questions re-
main open for more involved geometric objects
(in particular, for the objects that become “de-
generate” near the boundary, even the rigorous
definition and the existence of boundary traces
represent a difficult problem). In the present
work, we address the related questions for a class
of fractal objects represented by Laplace-type
operators on special self-similar trees, which is a
natural extension of the mathematical model of
respiratory systems introduced in 2] and can be
viewed as a discrete approximation to the study
of wave propagation in thin networks proposed
in [1].

2 Resistive trees

The infinite b-adic tree T" with root o is shown
in Figure 1. Its internal properties will be taken
into account using an additional parameter o €
(0, b) as follows: the resistance r(z,y) of an edge
xy in the nth generation is a”. Denote by V(T')
the set of all vertices of T', then the first Sobolev
space is defined as

HY(T) = {p V(T) > C:
2
p\x) — py
pfom B
= Y
equiped with the norm ||p||? := |p|? + |p(0)|?.
The H'-closure of the set of p with finite sup-
ports will be denoted as H}(T). It is straight-
forward to show the decomposition

H'\(T) = Hy(T) ® HA(T),

where Hi(T ) is the null space of a linear oper-
ator (a kind of discrete laplacian) A associated
with 7.

It is natural to interpret H}(T) as the set
of functions vanishing at the boundary and the
quotient HI/H(% as the space of functions at the
boundary, which then reduces to the study of
boundary values of the “harmonic functions”, i.e.
of the elements of H}.
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Figure 1: Structure of a b-adic tree

3 Abstract trace operator

The abstract trace operator is constructed using
a suitable basis in Hi. For that, the tree is
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decomposed in a special way.

Each point of the boundary can be naturally
identified with an infinite sequence (c,) with
cn € (0,1,...,b— 1), which corresponds to an
infinite path from the root through the vertices
Xk, With ky, = Y7, ¢;b"*. The set of such
paths passing through X, ; will be denoted by
Ch, k- If one identifies the whole boundary with a
set 2 (having a finite volume |{2|), then one can
naturally expects that the portion €2, identi-
fied with C), ;, has the volume b~"|(2].

Denote by T, ;, the infinite subtree composed
of X, 1 and all its children. Using an adapted
discrete Fourier transform one is able to show
that there exists a basis (cpo,gosi) in Hi such

that 9 = 1 and QOSL vanish outside 7}, , and

are radial along T}, ;. The main idea for the con-
struction of the trace operator is that the trace
of ¢p i is identified with the (suitably normal-
ized) indicator function of €, .

4 Embedding

In order to implement rigorously the above idea,
one needs additional assumptions on the subsets
Qy, ;. Namely, assume that 2 C R? is a bounded
connected Lipschitz domain and €, ; C {2 with
n € Nand £ =0,...,0™ — 1 be its measurable
subsets building a kind of multiscale decompo-
sition in the following sense:

JQnp = Q for all n,
k

U Qrriikrj = Qo for all n, k,
J

|0 k| = 077102,

(ka)znz?)l are disjoint for all n;

and satisfying some additional (explicitly formu-
lated) assumptions ensuring that €, do not
“degenerate” (i.e. €, should become “small”
in all directions as n becomes large). We give
explicit examples of suitable decompositions in
every dimension.

If one accepts the above approach and hy-
potheses (which then reduces to the identifica-
tion of C), ; with €, 1), then the “reasonable”
trace operator «y is uniquely defined by the iden-

Figure 2: Embedding for b = 2: Ca g <+ {22

tifications
64”5” a1 .
'YQ(<P£LSL)2($) _ ) e it € Qg kg,
’ 0 otherwise,

o) (x) = 1g, ~AHHH(T)) =0.

Specifically, the Sobolev regularity of these trace
functions can then be studied and we obtain our
main result:

Theorem 1 Denote

d In o
s=50 -4
then
. 1
AHNT) = HQ) if s < 3,
1

/ 1
YU HYT)) — H(Q) if s > 5 and s’ < 3

If time permits, we will discuss an ongoing
work dealing with an extension of the above ap-
proach to the trace theory of some self-similar
metric graphs recently discussed in [1, 3].
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