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Modal approximation for plasmonic resonators in the time domain
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Abstract

We study the electromagnetic field scattered by
a metallic nanoparticle with dispersive mate-
rial parameters in a resonant regime. We con-

sider the particle placed in a homogeneous medium

in a low-frequency regime. We define modes for
the non-Hermitian problem as perturbations of
electro-static modes, and obtain a modal ap-
proximation of the scattered field in the fre-
quency domain. The poles of the expansion cor-
respond to the eigenvalues of a singular bound-
ary integral operator and are shown to lie in a
bounded region near the origin of the lower-half
complex plane. Finally, we show that this modal
representation gives a very good approximation
of the field in the time domain. We present nu-
merical simulations in two dimensions to corrob-
orate our results.
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Main results

The starting point is the FElectric Field Integral
FEquation (or Lippman-Schwinger equation) in
the scatterer D:

(I -7 w)T¥)E=E" in D, (1)

where 7% is a singular integral operator and ~
is a non-linear function of w that depends on
the permittivity model for the scatterer D. We
assume D has characteric size § with %w <1
where c¢ is the speed of light in the background.
Building on the previous spectral analysis of
T [3] and classic results on the compact sym-
metrisable Neumann-Poincaré operator, we ex-
hibit a complete modal basis for the static trans-
mission problem:

Theorem 1 Whenwdc™t — 0, the electric field
inside the particle converges to:

EO — i 7(w)

n=0 7("‘)) —Tn <E 7en>

L2(D,R3) €n

(2)

m D,

where (ey)nen s an orthonormal basis of W (D)
for the usual L?(D,R3) scalar product, eigen-
vectors of TO associated with the eigenvalue ,,.
The space W (D) is the space of gradients of har-
monic H' fields on D.

We show that, under the assumption that the
particle is strictly convex, the excitation coeffi-
cients of the eigenfunctions exhibit superpoly-
nomial decay with the order of the mode, and
therefore the field can be well approximated by
a finite number of modes. Using elementary
perturbative analysis, we then show in Proposi-
tion 2 that the resolvent for the dynamic prob-
lem (w # 0) can be approximated by a per-
turbed resolvent of a finite-dimensional operator
(the truncated static operator):

Proposition 2 There exists a sequence with su-
perpolynomial decay (EN(Ein))NGN depending only
on EM and B, and a sequence of open complex
neighbourhood of the origin V(N) 2 0 such that
for wdc™t € V(N)NR the electric field solution
of (1) satisfies:
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in D and f(z) := ze®  and vn(%‘s) are eigen-
values of Ty obtained via classic perturbative
spectral theory applied to TIO).

Next, using Rouché’s theorem, we prove the ex-
istence of poles for this approximated resolvent
and give a resonance-like expansion for the elec-
tric field inside the particle:

Theorem 3 For a given E™ there exists N (de-
pending on EM), 6maz(N) such that for all § <
Omaz(IN), there exists wpmay = (’)(05_1) such
that for all w € R satisfying |w| < Wmaz the
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following holds:
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and v, (2,,(8)) are the eigenvalues of T at the

dynamic plasmonic resonant frequency w = 2y, (9)
on W(D) associated with the eigenvectors e,

and I‘%(aj,y) the outgoing Green function asso-

ciated with Mazwell’s equation in R3. The error

terms €int and €qqy depend mainly onthe incident

wave and the number of modes considered.

From this expansion we construct the so-called
quasi-normal modes found in the physics litera-
ture. Finally, using elementary complex analysis
tools, we give an expansion for the low-frequency
part of the electromagnetic field in the time do-
main and we show that the the truncated inverse
Fourier transform (low frequency only, w < p)
has the form:

B, [E%] (2,t) =
N .
Z CpE, (z)e ™ O 1 ez, 1)
1

for ¢ > tg where

£ (s,1) = % (s — 2| + & — 2| + 26) ,
is the time it takes to the signal to reach first the
scatterer from source point s and then observa-
tion point x, and E,, the generalised (exponen-
tially diverging) eigenvectors, the so-called quasi
normal modes. The error term €(x,t) can be an-
alyzed precisely. By doing so, we show that in
the time domain causality ensures that the elec-
tromagnetic field does not diverge exponentially
in space. Similar results were obtained in [4] for
a non-dispersive dielectric spherical scatterer in
any frequency range.

In the scalar case, we numerically study the
quality of the approximation in a two dimen-
sional setting for different shapes of scatterers.

The real part of the field scattered by the ellipse
and observed at some fixed observation point is
the superposition of two dipoles modes :
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We also show that the approximation is valid
well outside of the restrictive theoretical hypothe-
ses from the paper, for example the approxima-
tion seems to be valid for non convex scatterers.
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