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Abstract

We consider an acoustic scattering problem in
a two-dimensional partially open waveguide, in
the sense that the left part of the waveguide
is closed, that is with a bounded cross-section,
while the right part is bounded in the transverse
direction by some Perfectly Matched Layers that
mimic the situation of an open waveguide, that
is with an unbounded cross-section. We prove
well-posedness of such scattering problem, then
propose and justify artificial conditions in the
longitudinal direction based on Dirichlet-to-Neu
mann maps.
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1 Introduction

Let us introduce the domains 27 := (—o0 )
(_h) h) ot = (0 —|—OO) ( out out) aln

Q- UZouUQT, with 3¢ := {0} x (—h,h), as well
as a bounded domain O C (0,400) X (—h,h).
We consider the problem: find u such that

Pu = 0 in Q\ O,
du = 0 on 01, (1)
u = 0 on 00,

u—u' is outgoing,

where v is the outward unit normal vector to
09, v’ is a mode coming from the left waveguide,
and the differential operator P is defined by

Pi=—0,(aud,) — gam : —g/&

with (

a, i, k) = (1, po, ko) in R x (—h, h) (blue
zone) (a, ,k‘)
00) X
k)=

(1) oo kOO) in

((—hin, —h)U(h, hin)) (pink zone) and
(a K, (Qoos fioo, kioo) 1n

(0,4+00) X ((—hout, —hin) U (hin, hout)) (brown
zone), with as a complex constant such that
arg(ae) € (—%5,0). We also assume that ko <
koo. The objective is to prove well-posedness of
problem (1) in a appropriate functional space.

(0,

2 The uniform PML-waveguide

Let us counsider the straight waveguide Qqgyt =
R X Loyt with Ioye := (—hout, hout), the coeffi-
cients of P being those of Q: for a given f,
find the outgoing solution w to the problem

Pu = [ in Qouy, (2)
d,u = 0 on 0Nut-

The solutions in the form u(x,y) = eM(y) to
problem (2) for f = 0 are called the modes. To
specify them, we introduce the operator £(\) :
H'(Iout) — H'(Iow)* defined by

(L)L ) HY (Loue)* HY (Ton) "=

| tondypdyp = B2 + 100 dy
for all ¢, ¢ € H'(I,y). We denote by A the
discrete set of A € C for which there exists a
non zero eigenvector ¢ € H 1(Iout) such that

LO)g = 0. 3)

We assume that any eigenvector ¢ satisfies

Tous Ep?dy # 0, which guarantees that the A,
are simple eigenvalues, both geometrically and
algebraically. In addition, the fact that kg < koo

enables us to write A = Uf;%{—)\n, An} with
< Re(Apt1) < Re(An) < - < Re(Ao) < 0.

If the ¢, satisfy (3) for A = £\,, up to a
rescaling we have the biorthogonality condition
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i) Lous £ o om dy = Omn. The modes (divided into
leaky and PMLs modes) are given by w (z,y) =
ety (y) and are all evanescent. Since the
transverse operator £ is not self-adjoint, the ¢,
do not form a complete orthonormal basis of
L?(Iout): the classical projection method used
for a closed uniform waveguide fails. This is
why we used the Kondratiev theory (see [1] for
details and references) as the main ingredient of
the proofs of both following theorems.

We introduce the space Wé(Qout) as the set of
v € D'(Qout) such that e Py e=Bl#19, v and
e*fB'I'ayv belong to L?(Qout)-

Theorem 1 For f € H'(Quu)*, the problem
(2) has a unique solution u € H'(Qoyy). Fur-
thermore, if B > 0 is such that A has no in-
tersection with the line {_g := —f + iR and
f e Wé(Qout)*, denoting AN {\ € C, -8 <
Red < 0} = {Xo, A1y, Ang—1}, there ewist
some compler numbers al, a- and a function

n’ n

U e WEB(QO“) such that

Ng—1 Ng—1
u=x" E a;fwf{—l—x Zanwn—l-u,

where xT € C®(R), xT =1 for £2 > 2L and
xt =0 for £z < L.

Remark 2 Since ko < koo, the radiation condi-
tion sitmply consists here to search the solution
in H'(Qout), which guarantees its uniqueness.

3 The scattering problem of interest

In order to analyze problem (1), we formulate
an equivalent one set in the bounded domain
Dy, that is the domain © \ O truncated by the
sections g and Xy := {M} X (—hout, hout ). We
introduce the DtN operator

To: HYV?(20) —» HY?(%0)*
@ = TOQO = _/*Loa$u7|207

where u ™ is the solution to the left half-waveguide
problem with Dirichlet data ¢ on ¥y, and the
DtN operator with an overlap (M — L)

Ty HY2(S1) —  HY2 ()

SO '_> TL,M(JD = gal’u+|21w7

where u™ is the solution to the right half-waveguide

problem with Dirichlet data ¢ on X7, with L <

M. That the operator Tj is well-defined and has
the form of a series is classical. Using the first
part of the previous theorem and a symmetry
argument, we prove that 17, ps is well-defined as
well. Then we introduce the problem set in Dj;:
find u € H'(Djy) such that

Pu = 0 in Dy,

du = 0 on 'y,

w = 0 on 00,
—podpu = To(ulsg,) — 2p00zu’  on o,
g@xu = TL,M(U|ZL) on EM.

(4)
with T'yy = 0Dy \ (20 Uy U 80) Having in
mind the numerical computation of the solution,
we also introduce an operator which approxi-
mates the DtN operator T, ps with the help of
the eigenvalues and eigenfunctions (A, ) of
the transverse operator £, that is for a fixed
B >0, Tp (i) is replaced for o € HY/2(X L) by

Ng—1

o - u
Tpa(e) = Y S e D) (/Z —pen dy) n.
L

n=0

Theorem 3 Problems (1) and (4) are equiva-
lent. Problem (4) has a unique solution u in
HY(Dyy) iff the same problem for u* = 0 has
only the trivial solution. Moreover, using the
same assumption on [ and the same notation
as i Theorem 1, there exist some complex num-
bers a,f and a function @ € W! 5(0\ O) such
that @|po = 0 satisfying in QT \ O

Ng—1
u=x" g atw! + 1.
n=0

For a fized L and M large enough, if problem (1)
is well-posed, then the problem (4) with opera-

tor T, pr replaced by TLﬁ 18 well-posed as well.

Moreover, denoting u/z v the corresponding so-

lution, there erists a constant Cg > 0 which is
independent of M such that

e —wf Nl oy < Co e Ml 1 13-
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