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Scattering in a partially open waveguide: the inverse problem
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Abstract

Guided waves can be used to perform nonde-
structive testing of partially buried elongated
structures present in various industrial sectors
such as civil engineering or oil and gas. Such an
inverse problem presents two main challenges:
we can access to only one side of the zone to
control, and the waves propagating in the struc-
ture partially leak in the surrounding medium.
The buried part of the structure is truncated in
the transverse direction with Perfectly Matched
Layers (PMLs), which enable us to treat the do-
main as the junction of two closed waveguides
with complex coefficients. The Linear Sampling
Method (LSM) is adapted to this new configu-
ration.
Keywords: Inverse scattering, Linear Sampling
Method, buried waveguide, PML

1 Intoduction

The closed part of the structure occupies the
domain Ω− := R− × (−h, h) with h > 0 and
its buried part the domain Ω+

∞ := R+ × R.
The shear modulus and the density are piece-
wise positive constants given by (µ, ρ) = (µ0, ρ0)
in R × (−h, h) and (µ, ρ) = (µ∞, ρ∞) in R+ ×(
(−∞, h)∪(h,+∞)

)
. The speed and the wavenum-

ber are respectively given by c :=
√
µ/ρ and

k := ω/c where ω is the angular frequency. The
defect we want to identify occupies a smooth
and bounded domain O which lies either in the
core R+ × (−h, h) of the buried part, or in its
sheath R+ ×

(
(−hin, h) ∪ (h, hin)

)
with hin >

h. The domain Ω+
∞ is truncated in the trans-

verse direction with a bounded PML occupying
the domain R+ ×

(
(−hout, hin)∪ (hin, hout)

)
for

hout > hin; the truncated domain is denoted
by Ω+ := R+ × (−hout, hout). We also define
Ω := Ω− ∪ Σ0 ∪ Ω+ with Σ0 := {0} × (−h, h).
A point in Ω is denoted by x = (x, y) ∈ R2, and
the PML function is given by

α(x, y) :=

{
1 |y| ≤ h
α∞ |y| > h,

with −π
2 < arg(α∞) < 0. In order to write

the forward problem, we introduce the modes
of the left half-guide, which are the functions
w̃±n (x, y) = e±λ̃nxϕ̃n(y), with (λ̃n, ϕ̃n) satisfying
{
−d2

yϕ̃n − k2
0ϕ̃n = λ̃2

nϕ̃n in (−h, h)

dyϕ̃n = 0 on y = ±h.
The scattering problem reads:
find ϕ ∈ H1

loc(Ω\Ō) such that




−∆ϕ− k2
0ϕ = 0 in Ω−

−α
µ∂y(αµ∂yϕ)− ∂2

xϕ− k2ϕ = 0 in Ω+\Ō
JϕK = 0 on Σ0

J∂xϕK = 0 on Σ0

∂nϕ = 0 on ∂Ω
ϕ = 0 on ∂O
ϕ− w̃+

n,0 is outgoing,

(1)
where w̃+

n,0 is the extension of the mode w̃+
n of

the left half-guide to the positive x by 0 and n
is the outgoing unit normal to Ω. In order to
identify the obstacle O, we use the fact that our
domain consists of the junction of two closed
waveguides. In the following, we present first
how the LSM can be adapted to the junction
of two closed waveguides with real parameters.
Then, we explain how this work has been ex-
tended to our configuration of interest, under-
lying the similarities but also differences arising
with the PMLs.

2 The LSM for a junction of closed waveg-
uides with real coefficients

We summarize here the main results obtained
in [1] for a junction of an arbitrary number of
waveguides, but limit the presentation to the
simpler case of back-scattering identification in
a junction of two branches with a constant wavenum-
ber. To begin with, we define the reference
fields r̃n which are the solution of the problems:
find r̃n ∈ H1

loc(Ω) such that



−∆r̃n − k2r̃n = 0 in Ω
∂nr̃n = 0 on ∂Ω
r̃n − w̃+

n,0 is outgoing.
(2)
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Then, we introduce for x′ ∈ Ω the Green func-
tion solution of: find G(·,x′) ∈ L2

loc(Ω) such that




−∆G(·,x′)− k2G(·,x′) = δx′ in Ω
∂nG(·,x′) = 0 on ∂Ω
G(·,x′) is outgoing.

(3)

Theorem 1 Problems (2) and (3) are well-posed,
and we have for x′ < 0 and x ≥ x′ the decom-
position:

G(x,x′) = −
∑

n≥0

1

2λ̃n
r̃n(x′)w̃−n (x). (4)

The decomposition (4) is obtained using the reci-
procity property of the Green function. For
F ∈ H 1

2 (∂O), we also introduce the scattering
problem: find us ∈ H1

loc(Ω\Ō) such that





−∆us − k2us = 0 in Ω\Ō
∂nu

s = 0 on ∂Ω
us = F on ∂O
us is outgoing.

(5)

The inverse problem consists in finding O from
the measurement of the usn on Σ−R := {−R} ×
(−h, h), R > 0, for all n ∈ N, where usn is
the solution of (5) for F = −r̃n|∂O. Let z =
(xz, yz), xz ≥ −R be a sampling point. Let
us introduce the so-called near-field equation:
find h ∈ L2(Σ−R) such that
∫

Σ−R

us(x,x′)h(x′)dx′ = G(x, z), ∀x ∈ Σ−R,

(6)
where us(·,x′) is the solution of problem (5)
with F = −G(·,x′)|∂O. Using (4), we derive
the following modal formulation of the LSM.

Proposition 2 The near-field equation (6) reads:
find h(z) =

∑
n≥0 hn(z)ϕ̃n ∈ L2(Σ−R) such that

∑

n≥0

eλ̃nR

λ̃n
Umnhn(z) =

eλ̃nR

λ̃n
r̃n(z), ∀m ∈ N, (7)

with usn|Σ−R
=
∑

m≥0 Umnϕ̃n.

To image the defect, we plot the norm of the
solution hreg(·) of a Tikhonov-Morozov regular-
ization of system (7) with the series truncated
to the propagating modes, which are the modes
satisfying λ̃n ∈ iR. It is important to stress that
the reference fields are computed once and for
all during an offline phase, which leads to an
efficient sampling procedure.

3 The LSM in a partially buried waveg-
uide with a transverse PML

A partially buried waveguide truncated in its
embedded part with transverse PMLs can be
viewed as the junction of two closed waveguides,
one of which involves a complex parameter. The
LSM can be then derived like before by intro-
ducing the reference fields, the Green function
and the near-field equation of the new struc-
ture. As for its mathematical justification, it
presents two main difficulties: proving the well-
posedness of problem (1) and obtaining a rigor-
ous decomposition of the Green function on the
reference fields. The first difficulty was adressed
in [2], and the second one in a forthcoming ar-
ticle. These difficulties are consequences of the
loss of the self-adjointness of the transverse op-
erator appearing in the mathematical analysis,
which is a consequence of the introduction of the
complex-valued function α modelling the PML.
The considered materials satisfy c0 > c∞, which
implies that there are no propagating modes in
the right half-guide. Thus, all the waves leak
in the surrounding medium, which results in a
loss of information for the imaging. A numerical
result is finally presented with Figure 1.

Figure 1: Level curves of the imaging function
z 7→ −log(‖hreg(z)‖L2(Σ−R)) for two Dirichlet
obstacles in a steel plate partially buried in con-
crete, using 26 propagating modes. Parameters:
h = 5, hin = 7.5, hout = 12.5, 10% of noise.
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