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Abstract

We propose a new asymptotic model for two-
dimensional sound-soft scattering by small cir-
cular particles in the time domain. It generalizes
existing Foldy-Lax models, enjoys uniform sta-
bility properties, and is second-order accurate.
Keywords: sound-soft scattering, asymptotic
models, time domain

1 Introduction

We consider the problem of time-domain sound-
soft scattering by small circular particles, in the
regime when the size of the particles tends to
zero. For the moment only very few related
works exist in the time domain, see e.g. [1, 3].

2 Problem setting

Let N ∈ N∗, and Rj > 0, j = 1, . . . , N . We
denote by B(a, r) := {x : ‖x − a‖ < r}, and
consider the system of N circles, parametrized
by a small parameter ε > 0,

Ωε = ∪Nj=1B(cj , εRj), cj ∈ R2, j = 1, . . . N.

Let Ωε,c := R2 \ Ωε, and

Γεj = ∂B(cj , εRj), Γε = ∪jΓεj .

We look for uε : R∗+ × Ωε,c → R solving

∂2
t uε −∆uε = 0, in R∗+ × Ωε,c,

γ0uε(t) = −γ0u
inc(t), t ∈ R+,

uε(0) = ∂tuε(0) = 0 in Ωε,c,

(1)

where uinc : R∗+ × R2 → R is a known solution
of the homogeneous wave equation in R2. Ev-
idently, lim

ε→0
‖uε(t)‖L2(Ωε,c) = 0, and it can be

demonstrated that there exist uinc and t > 0,
s.t. ‖uε(t)‖L2(Ωε,c) & log−1 ε−1; thus, approx-
imating the field by zero leads to an error of
O(log−1 ε). Our goal is to find a higher-order
approximation uappε to uε.

3 Motivation: one Foldy-Lax model

Since the problem (1) had been rather exten-
sively studied in the frequency domain, it is nat-
ural to ask whether time-domain counterparts

of the available Foldy-Lax models are of prac-
tical interest. We would like to illustrate that
such models may be not robust. For this we
consider the model [2], which is O(ε log−1 ε)-
accurate. The time-domain counterpart of the
Foldy-Lax model of [2] approximates the field
uε by the superposition of the point sources

uFLε (t,x) =

N∑

k=1

Gt(‖x− ck‖) ∗ µε,k,

where Gt(d) = 1t>d

2π
√
t2−d2 , and the unknown point

densities µε,k : R+ → R solve

−uinc(ck, t) = Gt(rk) ∗ µε,k(t)
+
∑

n6=k
Gt(‖ck − cn‖) ∗ µε,n(t).

Unfortunately, this model may exhibit instabili-
ties for some geometric configurations, when the
particles are close to each other.

Lemma 1 Let N = 3, and Ri = 1, ∀i. Let ε >
0 and ‖ci−cj‖ = c > 0 for all i 6= j and c/ε < 4.
Then there exist uinc ∈ C∞0 (R+, C

∞
0 (R2)) and

α,A > 0 s.t. lim sup
t→+∞

‖e−AtuFLε (t)‖L2(R2) ≥ α.

Let us remark that we observed this phenomenon
in the numerical simulations as well. To cope
with it, we propose an improved model∗.

4 Galerkin Foldy-Lax model

4.1 Main idea and derivation

The solution to (1) can be represented as a single-
layer potential of the unknown density λε:

uε(t,x) =

∫

Γε

t∫

0

Gt−τ (‖x− y‖)λε(τ,y)dΓydτ.

The continuity of the trace of the single-layer
potential yields the the following boundary-integral
equation for the density λε: for x ∈ Γε, t ∈ R+,

−γ0u
inc(t,x) =

∫

Γε

t∫

0

Gt−τ (‖x− y‖)λε(τ,y)dΓydτ.

∗I am greatful to Patrick Joly (POEMS) for the sug-
gestion of the name of the new model
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Because the functional framework associated to
the above problem is somewhat subtle, we rewrite
it in the frequency domain. With b̂(ω) denot-
ing the Fourier-Laplace transform of b(t), i.e.
b̂ = Fb, the above integral equation can be
rewritten as: find λ̂ε ∈ H−1/2(Γε), s.t.

−γ0û
inc(ω,x) =

i

4

∫

Γε

H
(1)
0 (ω‖x− y‖)λ̂ε(ω,y)dΓy.

Rewriting the above as: for all φ ∈ H−1/2(Γε),

−〈γ0û
inc(ω), φ〉 = 〈S(ω)λ̂ε, φ〉 (2)

we remark that the sesquilinear form in the right-
hand side is coercive for each ω ∈ C : =ω > 0.
The respective continuity estimates on λ̂ε can
be made explicit in ω and =ω; this allows to
translate them into the time domain as stability
estimates for λε. The coercivity of (2) translates
straightforwardly to its conforming discretiza-
tions, and thus automatically yields the stability
of the corresponding discretization. Let

S0(Γεk) := {φ ∈ H−1/2(Γεk) : φ = const},

Sε0 :=
N∏

k=1

S0(Γεk).

We discretize (2) on this space: we look for
λ̂appε ∈ Sε0, which solves

−〈γ0û
inc(ω), φ〉 = 〈S(ω)λ̂ε, φ〉, ∀φ ∈ Sε0. (3)

The time-domain counterpart of (3) is then called
the Galerkin Foldy-Lax model. Denoting by λ̂appε,k =

λ̂appε

∣∣∣
Γε
k

, we obtain the following convolutional

system of equations for unknown functions λappε,k :

−
∫

Γε
k

uinc(t,x)dΓx =
N∑

n=0

t∫

0

Gεkn(t− τ)λappε,n (τ)dτ,

Gεkn(t) =

∫∫

Γε
k×Γε

n

Gt(‖x− y‖)dΓydΓx.

Knowing the densities λappε,k allows to compute
uappε according to the following rule:

uappε (x) =
∑ t∫

0



∫

Γε
k

Gt−τ (‖x− y‖)dΓy




× λappε,n (τ)dτ.

4.2 Circular particles

While the above procedure works for particles
of arbitrary shape, for the circles the Galerkin
Foldy-Lax densities solve the equation of a par-
ticularly simple form (in the frequency domain):

−
∫

Γε
k

ûincdΓx = iπ2r2
kH

(1)
0 (ωrk)J0(ωrk)λ̂

app
ε,k

+ iπ2rk
∑

n6=k
rnH

(1)
0 (ωckn)J0(ωrn)J0(ωrk)λ̂

app
ε,n .

Surprisingly, with a suitable change of variables,
the model of [2] can also be rewritten in the
above form, modulo the term J0(ωrn) in the last
sum: this term is responsible for the instabilities
in the time domain.

4.3 Convergence

We can show the following convergence result.

Theorem 2 Let K be compact, dist(K,Ωε0,c) >
0 for some ε0 > 0. As ε→ 0,

‖uε − uappε ‖L∞(0,T ;L∞(K)) ≤ ε2

× C‖uinc‖H9(0,T ;H3(R2)),

with C > 0 depending polynomially on T , N , in-
verse distance between particles, minRj, maxRj.

5 Prospectives

We plan to consider the method for more gen-
eral particle shapes, as well as study the case of
closely located particles.
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