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Abstract

We consider the propagation of acoustic waves
in a 2D waveguide unbounded in one direction
and containing a bounded obstacle. The goal
of this work is to propose a method to cloak
the obstacle at infinity, that is to retrieve the
reflection and transmission coefficients as in the
reference strip.
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ing, asymptotic analysis, thin resonators, scat-
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1 Introduction

Let Ω denote a 2D waveguide, unbounded in the
(Ox) direction and containing a compact obsta-
cle (rigid or penetrable inclusion, deformation
of the wall, . . . ). In other words, the obstacle
is located inside a region {(x, y) ∈ Ω; |x| < L},
for a given L > 0, and Ω coincides with the
reference guide Ω0 = R × (0, 1) outside of this
region. Considering the propagation of acoustic
waves in Ω leads us to study the problem

{
∆u+ k2u = 0, in Ω,

∂nu = 0, on ∂Ω,
(1)

where n denotes the outer unit normal to Ω. We
fix the wavenumber k ∈ (0, π) so that only the
modes w± : (x, y) 7→ e±ikx can propagate. We
are interested in the solutions u± to (1) gener-
ated by the waves w± coming from ∓∞. They
admit the decompositions

u+ =

∣∣∣∣
w++R+w− + . . . , x→ −∞,

Tw+ + . . . , x→ +∞,

u− =

∣∣∣∣
Tw− + . . . , x→ −∞,

w−+R−w+ + . . . , x→ +∞,

where the ellipsis stand for evanescent terms and
R±, T ∈ C are reflection and transmission coef-
ficients.

In the reference guide, the solution is simply
u = w+ so that we have zero reflection and a
transmission coefficient equal to one. The goal

of this work is to explain how to cloak the ob-
stacle by perturbing the geometry.

The difficulty in this task lies in the fact
that in general the dependence of the scatter-
ing coefficients with respect to the geometry is
implicit and not linear. Our approach consists
in adding thin ligaments of width ε � 1 (see
Figure 1). We then create a new geometry Ωε

where we denote by uε the solution to (1) and
by Rε, T ε its scattering coefficients. We will see
that, since ligaments are almost 1D objects, we
can get relatively explicit formulas allowing us
to find situations where, as ε→ 0:

Rε = o(1), T ε = 1 + o(1),

as if, approximately, there were no obstacle.

2 Asymptotic analysis

Attach the ligament Lε =
(
p− ε

2 , p+ ε
2

)
×(1, 1+

`ε) at the point A = (p, 1), p ∈ R. We assume
that its length is equal to `ε = ` + ε`′. Here `,
`′ will be fixed later to obtain interesting phe-
nomena.

The first step is to derive an asymptotic ex-
pansion of uε, Rε and T ε, as ε → 0. We em-
ploy the technique of matched asymptotic ex-
pansions. In the process, the following 1D prob-
lem plays a key role:

{
v′′ + k2v = 0, in (1, 1 + `),

v(1) = v′(1 + `) = 0.
(2)

It is obtained by considering the restriction of
the Helmholtz problem to the ligament. We
choose ` as a resonant length of (2), i.e. such
that k` = π

2 + mπ, m ∈ N. In this case, (2)
admits non zero solutions.

Theorem 1 When ε tends to zero, we have :

uε = u+ + a(`′)kγ + o(1) in Ω,

uε = ε−1a(`′) sin(k(· − 1)) +O(1) in Lε,

Rε = R+ + i
a(`′)

2
u+(A) + o(1),

T ε = T + i
a(`′)

2
u−(A) + o(1),
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where a(`′) ∈ C∗ and γ is a certain Green func-
tion centered at A.

3 Zero reflection

When `ε varies around the resonant length (`′ ∈
R), the main terms in the asymptotics of Rε, T ε

run on circles whose features depend in an ex-
plicit way on the position A of the ligament. We
can then find out situations where one can can-
cel asymptotically the reflection (see Figure 1).

Figure 1: Top: the obstacle generates a rather
large reflection. Middle: a thin ligament is
added and tuned to get Rε ≈ 0.

Theorem 2 Assume that R+ 6= 0 and T 6= 0.
Then there are some positions at which one can
place the ligament and tune its length to get
Rε = o(1).

The relation of conservation of energy |Rε|2+
|T ε|2 = 1 implies that if Rε = o(1), we get
|T ε| = 1+o(1). As a consequence, in general we
only have T ε = eiϕ + o(1) for some ϕ 6= 0: there
is a phase shift in the transmission (see the right
part of the guides in Figure 1).

4 Phase shifter

To compensate this phase shift, let us create a
phase shifter. To proceed, we perturb the refer-
ence guide Ω0 = R × (0, 1) by adding two liga-
ments.

Theorem 3 Let µ ∈ (−π, π). Then one can
place two ligaments and tune their lengths to get

Rε = o(1) and T ε = eiµ + o(1).

Now, by combining both Theorem 2 and The-
orem 3, one can approximately cloak an obstacle
appealing to the following procedure:

1. cancel the reflection with one ligament;
this leads to T ε = eiϕ + o(1);

2. far to the right of the obstacle (to neglect
the evanescent terms), place two ligaments
that do not produce reflection and create
a phase shift equal to −ϕ.

5 Cloaking with only two ligaments

The previous procedure guarantees that one can
cloak an obstacle with three ligaments. Actu-
ally, it is also possible to show that cloaking is
achievable with only two resonators. For that,
the following result is necessary.

Theorem 4 Assume that T is located on the
circle of center 1/2 and of radius 1/2. Then,
there are some positions at which one can place
the ligament and tune its length to get Rε = o(1)
and T ε = 1 + o(1).

This shows that, for a specific class of obsta-
cles, only one ligament is necessary to achieve
cloaking. Now, the following procedure can be
used to cloak any obstacle with two ligaments:

1. place a ligament and tune its length to get
a transmission coefficient on the circle of
center 1/2 and of radius 1/2;

2. place another ligament and tune its length
to cancel the new reflection.

This procedure has been used in Figure 2.
We observe that, both on the left and right of
the guide, the wave has the same behavior as in
the reference guide. For more details, we refer
the reader to [1].

Figure 2: Top: scattering of w+ in presence of
the initial obstacle. Middle: two ligaments have
been added and tuned to get Rε ≈ 0 and T ε ≈ 1.
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