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Well-posedness and shape optimization for the Westervelt Robin boundary problem on
domains with non-Lipschitz boundaries
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Abstract

We obtain the global on-time well-posedness of
the Robin type boundary valued problem for
the Westervelt equation on a bounded domain
with a non-Lipschitz boundary. The obtained
weak solutions are considered in the domain of
Laplacian and thus are more regular than H1.
The irregularity of the boundary does not al-
low the usual H2-regularity. We consider the
shape optimization problem for this ultrasound
wave propagation model to minimize the sys-
tem’s total acoustic energy by the shape of the
boundary for fixed source and initial data. For
the Robin boundary, modeling the reflection, we
prove the existence of an optimal shape realiz-
ing the infimum of the acoustic energy in a class
of Lipschitz boundaries. Using its relaxation on
the uniform class of domains, we prove the ex-
istence of an optimal shape realizing the mini-
mum. Keywords: Westervelt equation; Robin
boundary condition; fractals; shape optimiza-
tion; Mosco convergence

1 Westervelt model and assumptions

Westervelt equation [14] is one of the models of
non-linear acoustics describing the ultrasound
propagation. We study it in a bounded domain
Ω ⊂ Rn, n = 2, 3 with Robin-type boundary
conditions:




∂2t u− c2∆u− ν∆∂tu = αu∂2t u+ α(∂tu)2 + f,
∂
∂nu+ a(x)u = 0 on ∂Ω× [0, T ],
u(0) = u0, ut(0) = u1 in Ω.

(1)
Here the coefficients c, ν, α are positive con-
stants (corresponding respectively to the sound
speed in the air, the viscosity, and non-linear
effects coefficient), and the reflection coefficient
a(x) > 0 is a continuous in Ω function. We
don’t suppose any particular regularity on Ω
and its boundary. Precisely, we assume that Ω
is a Sobolev extension domain and its bound-

ary ∂Ω is the support of a positive Borel mea-
sure µ, supposed d-upper regular with a real
d ∈ [n − 1, n). It means that there exists a
constant cd > 0 such that

µ(Br(x)) ≤ cdrd, x ∈ ∂Ω, 0 < r ≤ 1, (2)

where Br(x) is the Eucludien ball centered in x
of radius r.

This condition allows to have boundaries with
the Hausdorff dimension dimH ∂Ω ≥ d, i.e. d-
sets, fractals, multi-fractals, regular boundaries.
The Sobolev extension property does not allow
the boundary to have infinitely small collapsing
parts, as fractal trees do.

2 Weak well-posedness

In the regular case of C2-boundary, there are
different well-posedness results [8, 9, 12]. Here,
in the absence of the usual H2(Ω)-regularity for
the elliptic problems, we propose an alternative
way to solve it following [1, 3, 4], using the do-
main of Laplacian. One way of the proof is
based on a variant of a fixed point theorem [13],
once we have the well-posedness of the linear
problem by the Galerkin method. Another way
is to use the Mosco convergence of the varia-
tional formulations on the regular domains to
an irregular one to obtain the existence of a
weak solution. To prove the unicity, it is suf-
ficient to apply an L2-stability estimate (see (8)
from [2, Theorem 1.1]). The main difficulty is
the absence of a part of the Dirichlet boundary,
ensuring the Poincaré inequality and uniform,
on boundary geometry, control estimates of the
solution. Thanks to its generalization [6], we
handle this problem.

3 Shape optimization: existence

The interest in modeling ultrasound propaga-
tion comes from ultrasound imaging (HIFU),
lithotripsy, or thermotherapy. Recently [10] in
the lithotripsy framework was considered a shape
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optimization problem for the Westervelt equa-
tion considering the shape derivative on a reg-
ular boundary. The existence of such optimal
shape was open, and we solved it. We define
the admissible class of shapes in which we are
searching for the minimum of our energy func-
tional presenting an equivalent H1-norm. This
problem as in [10] can also be viewed in the sense
of minimization of the difference between the so-
lution u and the reference state g by H1([0, T ]×
Ω) norm since w = u − g is a solution of the
Westervelt equation with just a different source
term and the homogeneous initial data. We fol-
low [5, 7, 11] to prove the existence of an opti-
mal shape realizing the infimum of the acoustic
energy in a class of Lipschitz boundaries and
the minimum on a compact class of uniform do-
mains.
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