
WAVES 2022, Palaiseau, France 1

The Time Domain Linear Sampling Method for Maxwell’s equations

Timo Lähivaara1, Peter Monk2,∗, Virginia Selgas3
1Department of Applied Physics, University of Eastern Finland, 70211 Kuopio, Finland

2Mathematical Sciences, University of Delaware, Newark DE 19716, USA
3Departamento de Matemáticas, Universidad de Oviedo, 33203 Gijón, Spain

∗Email: monk@udel.edu

Abstract

We investigate the use of the Time Domain Lin-
ear Sampling Method (TD-LSM) for determin-
ing the shape of a scatterer using electromag-
netic waves. Assuming that the scatterer is im-
penetrable with an impedance boundary condi-
tion, we use the Fourier-Laplace transform ap-
proach to justify the TD-LSM. We provide nu-
merical results for the impedance boundary con-
dition, for a perfectly conducting obstacle, and
for a penetrable body. The latter case cannot be
analyzed by the Fourier-Laplace approach, yet
still shows good reconstruction quality.
Keywords: Inverse problem, electromagnetism,
impedance, linear sampling, time domain.

1 Introduction

The Time Domain Linear Sampling Method (TD-
LSM) is an extension of the original frequency
domain Linear Sampling Method to the time
domain. Previous tests with the acoustic wave
equation have shown that the method can be ap-
plied with the sound soft or impedance bound-
ary conditions, as well as for penetrable objects.
It can also be used with less source and measure-
ment points than for a single frequency linear
sampling method [2,3].

We shall describe an extension of the TD-
LSM method to the time dependent Maxwell
system governing scattering from an impenetra-
ble scatterer with an impedance boundary con-
dition [4]. We prove that the usual theorems
underlying the TD-LSM hold in this case, and
provide numerical examples of the method. It is
interesting to note that current proofs based on
the Fourier-Laplace transform cannot be used
for the penetrable case [1], even though we shall
give numerical results that show that the method
does perform as expected in this case.

2 The forward problem

Given a bounded Lipschitz domain Ω ⊂ R3 with
unit outward normal ν on Γ = ∂Ω, and setting
Ωc = R \ Ω, the electromagnetic field (E,H)
satisfies

c−1
0 Es

t − curlH = 0 in Ωc for t > 0 ,

c−1
0 Ht + curlE = 0 in Ωc for t > 0 ,

where c0 is the speed of light. The field is sub-
ject to the initial conditions

E = Et = 0 for t = 0 in Ωc ,

and the impedance boundary condition

H× ν + ΛET = −(Hi × ν + ΛE i
T ) ,

on Γ for t > 0. Here the subscript T denotes the
tangential trace here taken on Γ, and Λ > 0 is
the impedance constant. The incident field E i is
given by a regularized magnetic dipole situated
at y ∈ R3 with polarization p ∈ R3:

E i(x, t;y,p) = −p×∇xΦχ(x− y, t) .

Here

Φχ(x, t) =
χ(t− c−1

0 |x|)
4π|x|

and χ ∈ C∞
0 ((0,∞)) is a smooth function of

time. We prove that the above problem has a
unique solution, E := E(x, t;y,p) for t > 0 and
note that E is linear in p.

3 The inverse problem

We assume the existence of a surface Σ contain-
ing Ω in its interior. Then the inverse problem
we wish to solve is to reconstruct the boundary
of the scatterer Γ from a knowledge of E(x, t;y,p)
for x,y ∈ Σ, t > 0 and p ∈ R3. To do this we
define the near field operator applied to a suit-
able tangential space-time vector function f by

(Nχf)(x, t) =

∫

R

∫

Σ
ET (x, t−τ ;y, f(y, τ)) dAy dτ
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for (x, t) ∈ Σ× R, where the subscript T refers
to the tangential trace here taken on Σ.

Using the near field operator, we seek an ap-
proximate solution g = g(·, ·; z,pz, τz) in an ap-
propriate weighted space-time Sobolev space of
the near field equation
(
Nχg(·, ·; z,pz, τz)

)
(x, t) = E i

T (x, t− τ ; z,q)

for (x, t) ∈ Σ× R. Here τ is a fixed time trans-
lation parameter. This is an ill-posed problem,
but we can prove that an approximate solution
exists. We also show a version of the usual the-
orem of blowup of a suitable norm of g when
z ∈ Ωc [4].

4 Numerical results

We choose a Ricker wavelet for χ:

χ(t) = −
(
1 + 2a (t− t0)

2
)
exp

(
a (t− t0)

2
)
,

where a = −(πf0)
2, is used as the source mod-

ulation function for the incident field. Here f0
is the peak frequency of the source, and t0 =
1.2/f0 is the time delay. For the example be-
low, we choose f0 = 1, and use 96 measurements
and 54 sources on this surface. The surface Σ is
the boundary of the cube [−4, 4]3 and we use 96
measurement points and 54 source points on this
surface. Using a nodal discontinuous Galerkin
scheme, we compute the solution of the forward
problem and hence the near field operator.

By solving a discrete analogue of the near
field equation using Tikhonov regularization for
z in a 41 × 41 × 41 grid in the search domain
[−1.5, 1.5]3, we can graph isosurfaces of a suit-
able norm of g and hence visualize the scatterer.
Preliminary results for two cubes are shown in
Fig. 1. We show results for an impedance bound-
ary condition with Λ =

√
2, a perfectly electri-

cally conducting boundary condition and a pen-
etrable object (with ϵr = 2 in Ω).

5 Conclusion

Our preliminary results show that the TD-LSM
can be used to identify the shape of scatter-
ers with a variety of boundary conditions. Fu-
ture work will include a detailed study of the
Maxwell TD-LSM with differerent source and
measurement geometries, and more complex scat-
terers.

Figure 1: Top row: left panel shows the
exact scatterer, right panel shows results for
impedance boundary conditions. Bottom row:
left panel shows results for PEC boundary con-
ditions, and right panel shows results for a pene-
trable scatterer. The red cube shows the search
region containing the sampling points z.
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