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The in�ection point problem - from modal to scattering behaviour
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Abstract

The �in�ection point problem�, describing the
local asymptotic behaviour of high frequency
wave �elds near an in�ection point in the bound-
ary of an obstacle, is a key unsolved canonical
problem in wave scattering. In this talk we pro-
vide a historical perspective on the problem and
describe recent work relating to it.
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In the high frequency/short wavelength regime,
it is known that smooth concave boundaries can
support so-called �whispering gallery� waves, which
propagate along the boundary and are localised
close to it. When such a whispering gallery wave
encounters an in�ection point in the boundary,
one expects it to break up, generating expo-
nentially decaying �creeping waves� on the sub-
sequent convex portion of the boundary, along
with a �searchlight beam� propagating away from
the boundary (see Figure 1 for an illustration).
However, determining the amplitude of the creep-
ing waves and searchlight beam from the ampli-
tude of the incoming whispering gallery wave
remains an important open problem in scatter-
ing theory. One can argue that this should be
considered a fundamental problem in PDE the-
ory, since it connects asymptotically �modal� be-
haviour and �scattering� behaviour.

To describe the problem mathematically, con-
sider the Helmholtz equation ∆u + k2u = 0
near a Dirichlet boundary Γ with an in�ection
point O. Let (s, n) be local curvilinear coor-
dinates representing arclength along and nor-
mal distance from Γ, with s = n = 0 at O,
and suppose the curvature of Γ satis�es κ(s) =
−s+O(s2) as s→ 0. To investigate the high fre-
quency behaviour near O we introduce stretched
coordinates x = k3/5n and t = k1/5s and seek a
solution of the form

u ∼ C(k)eiksψ(x, t), k → ∞,

for an appropriate k-dependent normalisation
constant C(k) (not discussed further here). In-
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Figure 1: The in�ection point solution, com-
puted using the numerical method of [2].

serting this ansatz into the Helmholtz equation
reveals that the function ψ(x, t) satis�es
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ψ(0, t) = 0, t ∈ R, (2)

and to match with an incoming whispering gallery
wave on the concave portion of Γ we require

∥ψ(·, t)− ψ−
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where, with −νj denoting a zero of Ai,
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The problem can be equivalently formulated
by introducing a new variable ζ = x − 1

6 t
3, so

that (t, ζ) represent approximate local Cartesian
coordinates near O, and writing

ψ(x, t) = e
i
2
ζt2+ 7i

120
t5φ(ζ, t), (4)

to �nd that φ(ζ, t) satis�es the parabolic wave
equation (free Schrödinger equation)
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with a homogeneous boundary condition on a
cubic parabola ζ = −1

6 t
3, and an appropriate

modi�cation of (3) at t = −∞.
The problem (1)-(3) was �rst formulated by

Popov in [1], and has since been studied by a
number of authors. Popov and Pshenchik de-
rived and analysed a �nite di�erence method for
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the numerical solution of the problem in [2], re-
sults generated from which are shown in Fig-
ure 1. In [3], Smyshlyaev and Babic proved
well-posedness of the problem in an appropriate
functional setting, along with certain regularity
and decay properties of the solution.

In recent work [4], Smyshlyaev and Kamot-
ski rigorously proved the existence of a unique
�searchlight amplitude� G0(η) ∈ H1(R) with
ηG0(η) ∈ L2(R), such that

∥∥ψ(·, t) − ψ+
0 (·, t)

∥∥
L2(0,+∞)

(t) → 0, as t→ +∞,

(7)
where, with η := ζ
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2 and t > 0,

ψ+
0 (x, t) := t−

1
2 e

7i
120

t5+ i
2
ηt3+ i

2
η2tG0(η). (8)

However, providing a closed-form expression for
G0(η) remains an open problem.

There have been numerous attempts to de-
rive analytical solutions to (1)-(3), but so far
all have proven unsuccessful. In particular, the
Fourier transform approach used to derive the
solution to the simpler Fock-Leontovich tangent
ray di�raction problem (see e.g. [5]) fails here,
because the problem (1)-(3) is non-separable.

In [6,7] contour integral representations were
considered for the solution of (5) in the form

φ(ζ, t) =

∫
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)
dz, (9)

where Γ is a suitable contour in the complex z-
plane, starting and ending at in�nity, and F (z)
is analytic in a neighbourhood of γ. Such in-
tegrals are related to the classical catastrophe
integrals described e.g. in [8], and to a recently-
discovered representation for the solution of the
Fock-Leontovich problem (see [5]).

In [7] it was shown using a steepest descent
(saddle point) analysis that the function F (z)
and contour γ can be chosen in such a way as to
asymptotically recover either whispering gallery
waves as t → −∞, or creeping waves as t →
+∞. But as yet no choice of F (z) and γ has
been found to produce both simultaneously.

Most recently [9], Naqvi and Smyshlyaev have
investigated boundary integral equation refor-
mulations of (1)-(3) that appear to shed new
light on the problem both analytically and nu-
merically. One exciting avenue of possible fu-
ture research could be the development of accu-
rate numerical methods for the solution of the

boundary integral equations derived in [9], per-
haps even using a hybrid numerical-asymptotic
approach that incorporates the anticipated asymp-
totic structure of the solution.
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